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Abstract 



Lisa Jeffrey and Frances Kirwan developed an integration theory for sym- 
plectic reductions. That is, given a symplectic manifold with symplectic 
group action, they developed a way of pulling the integration of forms on 
the reduction back to an integration of group-equivariant forms on the orig- 
inal space. 

We seek an analogue of the symplectic integration formula as developed 
by for the hyperKahler case. This is almost straightforward, but we have 
to overcome such obstacles as the lack of a hyper-Darboux theorem and the 
lack of compactness in the case of hyperKahler reduction. 
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1 Introduction 

While investigating the behaviour of instantons on in jQj, we found that we 
need a result that links integrals over a hyperKahler reduction to an integral over 
the original space which is, more often than not, a much simpler space. To do 
this we use the notion of equivariant cohomology, in particular from the de Rham 
viewpoint, see p. 

One of the major results of this theory is the localisation formula. 

Theorem 1.1 Let the torus T act on the compact manifold M with fixed set Mq, 
then for any a G H^{M) 



where ^{Mq) is the normal bundle of Mq in M and e(z/(Mo)) its Euler class on Mq 
For the proof see ^Oj pp24-25. 

Before we develop the equivariant integration theory for hyperKahler manifolds, 
we need to motivate ourselves with the symplectic case which, although well- 
established in j2j and j2|, we present in some detail since the hyperKahler case 
will follow in an entirely similar manner. We hope that the reader will find this a 
helpful comparison. 
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2 Equivariant Cohomology of Symplectic Mani- 
folds 



2.1 Symplectic Group Actions 

Let (M, a;) be a compact symplectic manifold with a Hamiltonian action of the 
compact Lie group G which has bi-invariant metric {■,■}. Let ^ : M ^ q* he 
the moment map of this action, and assume that is a regular value of so that 
/i~^(0) is a manifold and hence so is the Marsden-Weinstein quotient M//G = 
H~^{0)/G. Our goal is to relate integrals (i.e cohomology) over M//G, with the 
induced symplectic structure ujo, to integrals over M. 

Let N = //"^(O), then we have the principal bundle 

7r:N^ N/G = M//G. 

Let ^1 . . . be an orthonormal basis of G and 6 — 9i^i be a connection on — > 
M//G, then 

s 

i=l 

is the induced volume form when restricting to the fibres of N, hence 

7r*Q = vol G. 

The main result is 
Theorem 2.1 

Jm//g t^oo{2nyyolGjy^\ Jm J 

where at all times we are using a version of the Berezin integral formalism, that 
the integral of a /c-form over a Z-dimensional sub-manifold is zero k ^ I. 

2.2 The Kirwan Map 

Let M be a compact symplectic manifold and G a compact connected Lie Group 
which acts in a Hamiltonian fashion on M, and let be a moment map. Suppose 
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that is a regular value of /z. In j7], Frances Kirwan details a method by which we 
can show that there is a surjective map 

K : H^(M; C) ^ H'(Af//G;C) 

which is given as k = i*{p*)^^ where p : yU^^(O) M//G is the quotient map with 

p*:R-{M//G)^llUf^-\0)) 

being the isomorphism, since G acts locally freely on yu~^(0), and l : ;U~^(0) "—^ M 
inclusion. This is proved using the Morse theory of the function / = |yup using the 
Killing norm on q*. 

We should like to obtain a similar result for the boundaries of symplectic man- 
ifolds, and later consider hyperKahler manifolds and boundaries of hyperKahler 
manifolds. 

The function / gives us a stratification of M, that is a finite collection of subspaces 
Sa = ((~C)0) Q;]) for sach critical value a, such that 

1. 

2. there is a partial ordering > on A such that 

■y>a 

Let Ma = IJa>7 "^1- We have the result 

Lemma 2.2 ([7J, Lemma 2.18 pp33-34) Suppose {5*^17 G A} is a smooth G- 
invariant stratification of M such that for each a E A, the equivariant Euler class 
of the normal bundle to in M, is not a zero divisor in 

H^(S'q,; C). 

Then the inclusion 

L : Ma\Sa ^ Ma 

induces a surjection 

t* : H^(M,) ^ R'aiMa\Sa). 
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For the proof see For symplectic manifolds with a Hamiltonian action of S^, 
we know that not only is the fixed set a submanifold, but its Euler class is not 
a zero divisor! Kirwan also proves that the stratifications obtained by minimally 
degenerate functions are just as good, and that moment maps are minimally degen- 
erate and the stratifications satisfy the hypothesis in Theorem 12 .21 Prof. Kirwan 
has also proved surjectivity in the hyperKahler case using the norm square of the 
hyperKahler moment map |/2p, see jH]. 

2.3 The Symplectic Structure near /i^(0) 

Guillemin and Sternberg in |3] give a proof of the coisotropic embedding theorem 
which allows us to describe the structure of M in a neighbourhood of A^. We state 
it in the following form 

Theorem 2.3 (The Coisotropic Embedding Theorem) (Guillemin and Stern- 
berg ^ p315) Given a symplectic manifold {B,ujq) and a principal G-hundle vr : 
P ^ B then there is a unique^ symplectic manifold (M, uj) into which P embeds 
as a coisotropic submanifold and the restriction of uj to P is precisely tt*ujq. 

The main corollary to this is the following 

Corollary 2.4 (|;5J) Given a compact symplectic manifold {M,uj) with a Hamilto- 
nian G-action and moment map fi : M ^ g* with a regular value and N = yU^^(O), 
there is a neighbourhood U of N and a diffeomorphism ^ : N x Bh{0; g*) ^ U such 
that 

^*uj = it*ujq + dr 
where ^p^tj,) = {</>, Op}, where 6 is a connection on tt : N M//G. 

Corollary 12.41 tells us that functions and forms supported on a sufficiently small 
neighbourhood of can be replaced by functions and forms supported on a suf- 
ficiently small neighbourhood of x {0} in x g*. This will prove very useful 
when we come to consider equivariant integration. 

2.4 Equivariant Integration 

Theorem 12.11 was really introduced by Witten in ^1] and the technique that we 
use to prove this theorem is by Jeffrey and Kirwan in jS] although they go further 
and produce some results proving a localisation formula. 

^upto symplectomorphism, the uniqueness is a local quality 
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We need to set up some theory of Gaussian integrals and Fourier analysis on Lie 
algebras. Given any p-form a on a manifold, we write 

We have a technical result which we will need. 



Proposition 2.5 Let U and V be s- dimensional manifolds. If {aj}j^-^^ C Q^{U) 
and {bjYj^^ C n\V) then 

where [a] = Ai=i ^i- 



This is a simple calculation. 

We have a general Gaussian integral formula, the proof of which is a standard 
argument using the method of "Completing the square" : 




Putting b = i and a = l/4t into this, we have 



Proof of EUl 

(Following ,5j) We put a connection on (or a metric on M) with connection form 
6. The generalised form 



lim 

t~*oo 
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on M is supported on N = fi ^(0) by (H)), hence by Corollary 12.41 



lim / [dy]e 

•J a 



M 



lim / [dyleV ^ ' i e 



it ) I ^iTT*uJo+{Azfi}+i{z,Ae}+i{z,y} 
Nxi 



lim [ [dy]ey ) [ e-*""+'^^"''^^>+'^"'^^[dz]l] 
lim i'' /[di/]e(^) / [dz]e'^'^y^ [ e*-*^o+i{^,de}^ 



'-iy\2nYvo\G I e^'"°. 

Jm/zg 



We now obtain some useful formula for the integration of general forms on M// G. 

Theorem 2.6 Let t] G Qq (M) be equivariantly closed and have representative 
f]o G Q'{M//G). If M has no boundary then 



M//G t^ooy^nj vuio-jg Jjvf 

Proof 

The proof of this fact is very similar to the proof of Theorem 12.11 but there are a 
few technicalities to overcome first. 

Suppose that rj = J2iVi4>i where / is a multi-index, is a basis for q* and 



(27r)'volG 
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f]i e Q'{M)'^. We have 



M 



, Jg Jm Ja* 



J J M J g* J g 

Now, notice that the last integral is a derivative of the Fourier transform of 



which in the limit as t — * oo is the delta-function 5(0). Hence the generalised 
function 

is supported only on A^, which means that by Corollary 1231 we can replace M with 
iV X g* in the original integral. 

Now we have 

L*r] = dgP + 7i*rio 

for some f3 G (M), where l : /i~^(0) ^ M is the inclusion (see Hence 



M Jg JNx 



[di/]eV ^' ; / e'^+^^'^'J'^r] = j [dy]eV J / e'"+*^'^'J'>dg/3(i/) 
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Now let us examine the first term here. From the above argument 

Jg JNxg* 
Jg JNxg* 

since uj + fi{y) is an equivariantly closed form, 
= [ [dy]e(^) I d {e'^+'^^y^ p) (y) 

Jg JNxg* 

- I [dy]Sr^) I XyA (e-+^^(^)/?) {y) 

Jg JNxg* 
= 0. 

The last term here vanishes since the integrand does not contain differential forms 
of top degree, the first by Stokes' theorem. 

The rest of the proof now follows that of Theorem 12.11 ■ 
Remark 

Using Theorem 12. 2| we find that for every rjo G Q*{M//G), there is a ?7 G Qq (M) 
such that 

t*r] = Tc*r]o + dg/3, 

where l : /i~^(0) M is the inclusion and vr : /i~^(0) M//G is the quotient 
map. 

We will simplify matters by following Witten's notation, and write 

Jm vol (G) t-oo J^,^ 

In this notation we may rewrite the result of Theorem 12.61 as 

Jm/ig \^^) Jm 
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2.5 Localisation and Residues 



First we observe that in the case of a circle action, by Theorem 12.61 we have a 
Fourier transform 



v27r vol S 
where F denotes Fourier transform. 



-F (^z ^ l^e^-+^i^'^^{z)^ (0), 



We also have a rather interesting fact that follows from Fourier theory and Theorem 
I2.(i| namely, 

Theorem 2.7 For sufficiently small C ^ 1^ 



t~*00 y^ttj vUlO- JM 

t-oo (27r) volSi 



(27r) volSi 



lim - J^^ F (y^e\ J [ e'"+'^^'J^>r/(i/) | (C). 

(v^)volSi V Jm i^y^j^"^^ 



So this last result means that 



/27r 



M 



is smooth on a neighbourhood of 0. But by the localisation theorem (Theorem 
, we know that if rj is equivariantly closed 

M J Mo ^{^) 

where e{z) is the Euler class of the normal bundle of Mq in M. Thus, by Proposition 
8.7 of 



f(^z^ e'"+'^^'">r7(z)^ (0) 



1 f ^r^.r...^2f f ill^e'^^'^^^M^) 



^ / F(,)(.,) / --°(-^^"r-:-^(-^^) d. 



^^0+ (27r)2 7mo e(-V^) 
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where x is a smooth positive function on R with compact support and ^ G M. 
Professors Jeffrey and Kirwan show that because 



is smooth at 0, the latter integral is independent of x and ^. Now we may bring to 
bear the standard theory of complex analysis. We know that F(x) is entire when 
extended to C because x is smooth and compactly supported on M (Proposition 
8.4 of jS]), we also know that /i is constant and non-zero on Mq since is a regular 
value of /i. Hence using the Residue theorem from complex analysis 

^-0+ (27r)2 J^_ii: J Mo 



:Coeff„ 



V2i ^ Jm+ e(y) 

where is the set of fixed points on which /i is positive, and we always take the 
Laurent expansion of the integrand at ?/ = 0. Thus we end up with the following 
theorem. 



Theorem 2.8 Let M he compact symplectic manifold with Hamiltonian action of 
the circle such that is a regular value of the moment map fi. Let l : //"""^(O) •—>■ M 
be inclusion. If rj E VLq,i (M) is equivariantly closed and satisfies 

i*r]{y) = iT*r]o + dg/5(?/) 

for some closed r]o G Q{M//S^) and (3 G VtQ,i{M), then 



^ -Coeff ^ 



27rvoisi ^ <y) 

where we always take the Laurent expansion of the integrand at y = 0. 



Corollary 2.9 Let M be compact symplectic manifold with Hamiltonian action of 
the torus such that G Lie(T'^) is a regular value of the moment map /x. Choose 
a splitting of T'^ into the product of circles Let l : fJ^^^i^O) "-^ M be inclusion. If 
T] G Qjk{M) is equivariantly closed and satisfies 

'^*vi.yu ■■■^Vk) = vr*?7o + dgl3{yi, ...,yk) 
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for some closed rjo e fl{M//S^) and /? e ^31(^)7 then 

\27r) YoW^''''^y^''-'y^' Jm+ e{y) 

where Mq is the set of fixed points on which each component of the moment map 
II induced by the splitting is positive. We always take the Laurent expansion of the 
integrand at y — 0. 



3 Equivariant Integrals in HyperKahler Reduc- 
tion 

3.1 Preliminaries 

Recall that a liyperKahler manifold (M, uj) is a 4A;-dimensional Riemannian man- 
ifold with three symplectic forms which form the components of the sp(l)-valued 
2-form 

— cj^ <Si i + co^ <Si j +a;j^(8)k 

whose associated complex structures (resp (i, j , k)) obey 

^2 ^2 ^2 

i = j = k = ijk = -1. 

Let M be compact and G act on M with a tri-Hamiltonian action, that is, the 
action is Hamiltonian with respect to each of the symplectic forms. Then we have 
a threefold moment map 

such that 

{dil{X),0^u;{X^,X) 

for each ^ e 0, X e F (TM). For an element a — ao + ai'i + 02 j + 03 k e H and 
X e TpM, we set 

aX — a^X + oi i X + 02 j ^ + 03 k X. 
If is a regular value of jl, we can form the hyperKahler reduction 

M = lI-\0)/G^ M////G. 

Now we can regard this reduction in several ways: 
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1. as the quotient of Nq = fl ^(0) by G, 

2. if we fix a complex structure i then set uiq = uj^ + iuj^ and /ic = /^j + ^/^g' 
then we can view M////G as Nc//G with respect to the Kahler form uj^ where 
Nc = /ic-^O), 

3. fix a complex structure i and take the GIT symplectic reduction of M by 
the complex group Gc. 

Essentially we'd like to use the first point of view. It is independent of any choices 
and the various spaces and groups involved will be compact, a fact that the other 
choices do not share. 

We do have not have a hyperKahler version of the Coisotropic embedding theorem 
due to lack of a hyper-Darboux theorem. However, we can make some attempt 
at looking at the hyperKahler structure near /I~^(0) in the simpler case of a torus 
action. ITU 

Lemma 3.1 Let (M, (-,■), a;) be a hyperKahler manifold with a tri-Hamiltonian 
action of the k- dimensional torus T'' , and moment map fl : M q* ® sp(l) = 
t'^^^H. Suppose that is a regular value of ft, so that N = /i~-^(0) is a submanifold. 
Then there are k differential 1-forms 0" G Q'^{M]M.) such that on a sufficiently 
small tubular neighbourhood of N , we have 

where uj' is closed and restricts on N to 7r*a;o, the pullback under the projection of 
the hyperKahler structure ujq of M////T^ . As a result 0" A 0" is also closed. 

Proof 

Note that in a small tubular neighbourhood U around in M, D/Tp is surjective 
for all p & U. So restricted to U 

TM = kerd/i© (kerd/I)^. 

Now, examining kerd/T, we notice that, because the group acting is a torus, we 
have for all p & U, ^,ri E t'' 

u{X^ip),X,ip)) = {flip),[^,v]} 

where {■, ■} denotes the invariant inner product on g. Denote the sub-bundle of 
ker d/2 by V which form the vertical vector fields over M/T^ and set 

H = kerd^n (V)^. 
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Now, let {Xa}a=i be an orthonormal frame of V over a (possibly smaller) U. Then 

TM = H ®V ®V^.M 
where V^u = Spa.n{qXa\q G S^Hj^^j^. Now we can set 

00 = ;7f(^--) 



^2 



7! ■ 



1 

7!\ 



^ /kX 



05 



and 



0" = 0^+ j02 + k0^. 

Now setting go = 1, = ^ ,92 = j ,13 = k , we have for all a, (3 and j G {0,1, 2, 3} 

{qiX^,qjX^) = {q*qiXfs,X^) 

(X^,X^) i = j 
= 6ij6p^, 

since vanishes on V by (jH)). Hence the vector fields {qiXa}a=ii=o form an or- 
thonormal frame for on U. Using this we can show that 

^{qjXp, qkX^) = {sijk + 5Qj5ik — Sok^jk) S/s^qi 

where 

{1 k) is an even permutation of (1, 2, 3) 

— 1 (z, j, k) is an odd permutation of (1, 2, 3) 
otherwise. 

It can be readily checked that 

0" A (f)°'{qjXp, qkX^) = - {Sijk + SojSik - SokSjk) Sp^qi. 

Now let cJ' = + 0" A 0°. Now we know by construction that for v & H, X & 
we have uj{v, X) = 0, since qX G for all g G H. So u' is a purely horizontal 
form. By construction, 0" A 0° is purely vertical/normal. Since 

= dc^ = dcJ' - d(0" A 0^) 
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we know that da;' can have at most one vertical/normal component, and d(0" A0°=) 
at most one horizontal component. Hence, by comparing components, we have 
do;' = and d(0" A ^) = 0. 



Remark 

Notice that the 0q gives rise to the connection on N ^ M////T^ generated by the 
metric when we restrict to N . 

Now, a hyperKahler manifold has a canonical 4-form, namely^ 

Vl = ujA = a cj-j + ciJj a cUj + cug A cug . 

Our aim is to mimic the construction of the symplectic version of Witten's equiv- 
ariant integral, but there arc hidden dangers in this approach. If we try the ap- 
proach of taking a complex structure, then not only do wc lose the invariance under 
change of complex structure but we have problems localising the Poincare dual of 
A^c = /^c^(0)- Other methods involve reducing by a non-compact group which may 
be fine in the algebraic-geometric sense but the integration is not very well-defined. 

Definition 3.2 Let M be a hyperKahler manifold which possesses a 
tri-Hamiltonian action of the compact Lie group G and a e (M) he an equiv- 
ariant form. We shall say that a is associated with ckq G Q*(M) if 

i*a = 7r*ao + dg/? 

where l : /i~-^(0) ^ M is inclusion and n : /I^^(O) ^ is the quotient map and 
P G fig (/I^^(O)). In the case that a and ao are compactly supported, we shall say 
that a is compactly associated with ao if a. is associated with ckq as above, and the 
form (5 is also compactly supported. 

As always, in the de Rham model, equivariant forms are regarded as polynomials 
functions on the Lie algebra q with r2*'™"(M)-coefficients. 

Proposition 3.3 The equivariant form 

^{y) = + {/^, y})A + {fl, y}) 

^Wc use the dot . to denote the scalar product of quaternions following the motivation from 
regarding SHI as M^. Hence A is an operation 

A : A'{V) ® H X A'{V) ® H ^ A'{V) 

for any vector space V, given by combining the quaternionic dot product with the wedge product. 
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is an equivariantly closed M.-valued form. 



Proof 

For each e { i , j , k }, we have 
Hence 

(0 + {jl, y})/\ {uj + {jl, y}) = 
is an equivariantly closed M-valued for 



{d/ig,0 - X^_iLJg = 0. 

:{Tj,k} 



Now, there is an issue of compactness arising here. There are no compact hy- 
perKahler manifolds which admit tri-hamiltonian actions of Lie groups. However, 
we can talk about certain submanifolds of non-compact hyperKahler manifolds 
which reduce under the action of a tri-hamiltonian group action to submanifolds 
of the quotient. 

Definition 3.4 We shall say that the tri-Hamiltonian action of a Lie group G on 
a hyperKahler manifold M with respects a G-invariant suhmanifold L of M if for 
each p & L any vector normal to L at p lies in ker Djlp. 

Remcirk 

For a group action to respect a submanifold L of a hyperKahler manifold, it is nec- 
essary that the codimension of L in M should not exceed three times the dimension 
of the group. 

Theorem 3.5 Let M be a hyperKahler manifold that admits a tri-hamiltonian 
action of the compact Lie group G with moment map jl. Let & g <S> O'EI be 
a regular value and suppose further that the action of G respects a G-invariant 
submanifold L , then 

Lnfi-\o) 

G 

is a submanifold of M//// G with the same codimension as L in M . 
Proof 

This is an exercise in tranversality. For each p e Lf] il~^{0) 

TpL + Tpj2-\0) = TpL + kerD/ip. 
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Since the action respects L, ker D/Xp contains the normal vectors at p, proving that 
L&\jl~^{0). Hence this is a G invariant manifold of dimension n — 3dimG and the 
result follows. ■ 



We will prove a Witten-style formula for submanifolds of hyperKahler spaces that 
are respected by the group action. To do this, we need a number of results. 

Proposition 3.6 For n e N and x e K\{0} 



hm / e « 2 di/ = 

t— »oo 



Proof 

A calculation. 



Jr Jr 



jR-ixVi 



2e-*^ I e^'' I 2^ + 2ix 1 dz 



-isign(a:) 



Z 



2 



since either branch of the square root 

is holomorphic away from 





as t ^ oo, provided x ^ 0. 



Theorem 3.7 Let (M, lu) be a hyperKahler manifold with a tri-hamiltoniar? action 
of and associated hyperKahler moment map ft : M ^ ^M. Suppose that is 
a regular value for jl and let M = M////S^ be the hyperKahler reduction of M with 
hyperKahler structure ujq. If rjo G fi*(M) is compactly supported and compactly 
associated with r] e fl^i{M), then we have 



(dimM-degr^o + l) / 6^'^°'^'^°% 
Jm 



^therefore implying M is not compact 
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Proof 

Notice that 




Also, by Lemma f3.H we have in a neighbourhood of 

- uA (0A0) 

+ 600 A 01 A 02 A 03 



and by the remark under Lemma I3.H 0o is a connection on — M modified 
to take real values and scaled by a factor of From this it is worth trying to 

estimate e*'^^'^ on the space A^ = fl^^{0). 

Claim 3.8 On a small enough tubular neighbourhood U of N we have 

giiJ'A iJ' — itZS'A ((7!>A(/>)+6i(/)oA(/)iA(/)2A<^'3 

= e''^'^'^' (l - iuj'A (0 A 0) - 2AuA cu' A 0o A 0i A 02 A 03 + 6i0o A 0i A 02 A 03) . 
This is just a calculation. 

Since the normal bundle of A^ is trivialised by the nowhere vanishing sections qX(^ 
for q G { i , j , k }, we can write U = N ^ where is the ball in Q'EI centred 
at with radius e and such that if x = (x, i*) G A^ x V"e, then in this trivialisation 
//(x, z) = z. This follows from the fact that for any local submersion / of manifolds, 
there are local coordinate charts such that / is locally a projection, see So we 
if we set 



we can write 
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using a similar argument in Theorem 12 . 61 and the compactness of the support of /3. 
Using the fact that dz = Xi_iuj = cj) — (pQ, we see that 

M 

j,(7i'A /J)' — i/7i'A ( rh/\'ih\A-f\iihr,/\c\itnl(^'\^i\^\'^^ 



- % (f) ^i(^'^^'+i\ASQ'f^ dz*) A W{z, ^)7i*r]o 

JnxV^ 

- 24 / ^iui'Aui'+^zl^y^,^ u' A(j)oA dvol{z) A W{z, ^7r*Vo 

JNxVe 

+ 6i (f (.i^'f^^'+iWy^^ /\ ^vol{z) A W{z, y/y)7i*r]o 

= 6i(f e'^'f^^'+iWy + 1) 0o A dvol{z) A W{z, ^)7i*rio 



NxV. 



where we have also used the Claim EIHl Now we examine the integrals in z and y. 
The integral has the form 



lim / / e-^+^l"^l'W(f, ^)dvol{z)dy. 



Let E+ be the upper half unit-hemisphere in Q'lHI and write 

z = rO 

where G S+. 

,2 



lim / / e-^+^l"^l'W(F, ^)dvol{z)dy 

e*"'W(r^, V^)r2d2/dt;o/(^)dr. 



e f POO 

2, 



£ J —OO 



Now 



W{z, ^ = e 



and hence is a polynomial in a term of the form ^z.a for fixed quaternion a. It 
makes sense then to evaluate the integral 



e''''y{^e.aYr''+^dydvol{9)dr 



e JTi+ J —CO 
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for n e N. Notice that when n is odd, the integral necessarily vanishes as the 
integral in r is the integral of an odd function. This leaves us with the case n even. 
So 

/ / e''''^{^9.a)V+^dydvol{9)dr 

-e J S_|_ J —OO 

/£ n poo 
/ / e''''yy''ie.df'W-^''^^dydvol{9)dr 
-e •/S+ J —OO 

)pe poo 
/ / e''''^2/"r'"+Mydr 
J —e J —OO 



Thus 



and 



const J r2"+2L>"(5)(r)dr 

L>"(r ^r2"+2)(0) 
0. 



lim [ [ e-i+'^^'yW{z,^dvol{z)dy 

Jve Jr 

= lim /" [ e-'^+'^^^yW{z,0)dvol{z)dy 
= lim / / e-^+^l^^'MT;oZ(i)dy 
= 27r / 5(|i1')d^;oZ(i) 



Jm 

6i^^ / e"^'"""' (4it:3'Aa; + 1) 0o A 7r*r?o 

- / TT* (e^'^"'o^^"'o (4ia7oAcJ'o + 1)) 0o A 7r*?7o- 
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Now, recall that 0o is times the connection 1-form which acts as a fibre volume 
form. Thus we have 



6i y 
v2 /jv 



Ji2Auj+2i^p:.a+i\il\'^y^^ 

I giaToAa/o (4^^^^ cJ-Q + 1) A % 

Jm 
Jm 

= 6i7rV2(dimM-deg77o + l) / e*'^^°^'^"° A 770. 

Jm 



If the right hand side is known to exist, then the above argument may be reversed. 



Corollary 3.9 If M is a hyperKdhler manifold with a tri-Hamiltonian action of 
and L an invariant submanifold respected by . Further, if 

L = (Ln/l-^(o))/s^ 

and rj e f^gi(L) is compactly supported and compactly associated with rjo e fl*{JCj), 
then 



5(woAd;o)^^ 



(dim£; -degr^o + l) J 

^u*{uj/\LO+2i^jl.io+i\p.\'^y)^^ ^-j^ 



1 

67ri\/2 J L 

where l : L ^ M and lq : JCj ^ are the inclusions . 
Proof 

This follows the proof of the above theorem, the main consequence of the action 
respecting the submanifold is that the Poincare dual of /I~^(0) in M does not vanish 
when we restrict it to L. ■ 

Remcirk 

In these integrals, we have not assumed anything about the (equivariant) closure 
of rj. The integrals work well enough without that assumption. However, in order 
to use localisation, we do need assumptions on equivariant closure. 
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3.2 Localisation of HyperKahler Integrals for G = 

At first sight, it appears that a locahsation formula would be difficult to apply to 
the Witten-style equation we derived in Theorem 13.71 due to the presence of the 
square roots. What is most important in this formula is that it doesn't depend on 
choice of square root! We can exchange —y/y for y/y in the formula and obtain the 
same result^. Hence we have the result for the circle 



Theorem 3.10 



(dimM-degr/o + 1) / e^'^«^'^°r/o 
Jm 



Vim ^2 Jm 



Proof 

Follows from Theorem 13. 71 bv summing 



(dimM-degr^o + l) /" e*'^°^'^°r/o = / e^'^^'^+2iv^'^.<2+i|Mps/^(^) 

JjA QTTi\/2 Jm 



and 



(dimM-degr/o + 1) / e'^^^^^r^o = / e*^^^-''^^'^-^+*l'^l'^r/(-v/^) 

Jm 67riv2 Jm 



to get 



2(dimM-degr/o + 1) / e^'^^^'^'^r^o 

Jm 



67riv2 Jm 



Now for any polynomial P G C[X], we know that the polynomial 

is a polynomial consisting only of even powers. Hence Q{y^) is a perfectly defined 
polynomial in y. By defining 

«P : C[X] C[X^] 
^(Q)(X) = 1(Q(X) + Q(-X)) 



^Notice that we cannot replace —y for y in the symplectic formula without changing the result. 
This is due to the fact that by changing the sign in this situation, we change a Fourier transform 
into an inverse Fourier transform 
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we see that 

(dimM-degr/o + 1) / e'^«^'^°r7o = / e'^'^'^+'l^l'^qS (z ^ e^'^^^-"^ ri{z)) {^). 

Jm 67riv2 Jm 

(4) 

Examining the right hand side of the formula in Theorem I3.10| we can see that the 
integrand in Theorem 13.101 is an entire function of y. This allows us to apply the 
theory that Jeffrey and Kirwan develop in [Sj to reduce the study after localising 
to residue formulae. After applying this we find that in the case for the circle we 
have the following localisation formula using a similar proof to that of Lemma [ 



Theorem 3.11 , Suppose t] G figi(M) is equivariantly closed and associated with 
the closed form rjQ G Q*{M). Let l : Mq ^ M be the inclusion of the fixed point set 
in M and e be the equivariant Euler class of the normal bundle of Mq in M . Then 



(dimM-degr/o + 1) / e*'^"^'^Or/o 



-1 



6V27rvolSi 
-1 

6V27rvolSi 



Coeffy-i 



A/o 



L e 



Coeffy-2 



A/o 



L e 



iuj;suj+i\il\'^y'^ / 6 e 



i e 



2izpt.uj 



ri{z) 



e{z) 



(v^) 



Proof 

First we examine the right hand side of By Theorem ll.il we know that 



gitjA uj+i\fl\'^X^ ^2iXfl.L0 



M 



So we have 



M 



Mo 



Mo e(X) 
t^/^u+iWx^^ ^ e^''^-'^r]{z)) (X) 



{X) 



hence 



[([y]e 
[dy]e 



it 



^iiJA uj+i\p\'^y 



M 



^ ^ e"''^^-^n{z)) {^) 



Mo 



JidAiO+i\fl\^y 



r]{z) 



eiz 



iVy) 



by putting X = ^/y. Since the integrand is a rational function of y, the rest now 
follows from the same proof as Lemma f2. 81 ■ 
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Remark 3.12 Notice that in the symplectic case, the only contribution from the 
fixed point set came from those components on which /i was positive. Here the role 
of is taken by which is always positive. It follows that each component of Mq 
will make a contribution in the hyperKdhler case. 

Using this we can just extend this idea to a product of circles to get a Witten-style 
expression and residue theorem for the torus. 

Theorem 3.13 Let M be a hyperKdhler manifold with tri-Hamiltonian action of 
the torus T^. Let M = M////T^ and with hyperKdhler form ujq, then for each 
compactly supported rjo G fi*(M) compactly associated with rj G Qq (M), we have 

(dim M - degr^o + 1) / e^'^'^^'^^r^o 
Jm 

= (—)" 

where ^ = . . . , ^) . 

Proof 

We decompose T'^ into the product of circles, and recursively use Theorem 13 .71 ■ 



Jm ~ 



Corollary 3.14 

(dimM - degr^o + 1) (-67rV2vol S^)'' / e 



Mo 



'Mo 



Coeffj^,-2...j,^-2 



e(y) 



Proof 

We decompose T'^ into the product of circles, and repeat Theorem 13.111 ■ 

Now we'd really like to extend this result to more complicated Lie groups than tori, 
in order to do this we must follow the strategy of Shaun Martin jH] and relate the 
integrals of a hyperKahler quotient by G to integrals of a hyperKahler quotient by 
its maximal torus T. 
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3.3 HyperKahler Quotients and Tori 



We closely follow Sliaun Martin here. Let G be a compact, connected Lie group 
with maximal torus T. Let A be the set of roots of T with being the set of ±ve 
roots. We have the orthogonal projection p : g — >■ t, and we denote the moment 
map /i : M — > g ® by flc and {p ^1) o fl : M ^ t ® by jlx- Also set 



Ng 


= /^g'(0), 


Nt 


= /^?'(0), 


Mg 


= Ng/G, 


Mt 


= Nt/T. 



We suppose that is regular for both /Ic and fix- 

Given a G A we set to be its associated root space (isomorphic to C) and define 
the vector bundle 

La = Nt Xt Va, 



over Mt. Define 
and 

We also have 



v = v^®v^. 



Ng/T ^ 
i 



M, 



G 



Proposition 3.15 [cf Proposition 1.2 of ^] 

1. The vector bundle —>■ My has a section s, which is transverse to the zero 
section Z, and such that the zero set of s is Ng/T. It follows that the normal 
bundle 

V{Ng/T; Mt) = l*V+ ^ 

2. Let Vert(q) be the vertical subspace of the fibration q : Ng/T Mg, that is 
the kernel of q^,. Then 

Vert(g) ^ l*V+ 



This is a simple extension of Martin's results in [Hj. 
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Theorem 3.16 Let e+ = e(V+), then for each compactly supported a G fl'^Mc) 
with lift a e Q'(Mt) (that is L*a = q*a) 



a 



Ma 



\W\ 



a A e 



Mt 



+' 



where W is the Weyl group ofT in G. 



Proof 

(Adapted from the proof of Theorem B [S]) 

Fhst note that L*e^ = e(Vert(q)) bv l3.15[ By arguments given in 0, q^L*e^ 
Thus 



\W\. 



a 



Mg 



1 



W 
1 



w 
1 



w 
1 



w 
1 



w 
1 



w 



Ma 



q*a A L*e+ 



Ng/T 

L*a A i*e+ 

Ng/T 

L^L*{a A e+) 



a A e+ A e(V+ ® '^J 



a A e J 



Mt 



Lemma 3.17 The equivariant representative of e+ G H*(Mt) g'Zfen by 



Proof 

Since tTq, : Lq, = A^^ Xr K» — > is a hne bundle, we may form q*La — > iV^^ 
where q : A^t ^ Mr is the quotient map. From the standard theory of principal 
fibrations, we know that 

q*L^ = NtX L„. 

This is not trivial in the equivariant sense, so we introduce the equivariant connec- 
tion d + a. Hence 

g*e(L,)(0 = e(g*L,)(0=«(0- 



26 



Thus we may conclude that e{La){^) = 



Hence 



Finally we see that 



Theorem 3.18 If r] is compactly associated with rjo, then 



(dimM 



deg?7o + 1)) / e' 



Jm 



( 



67riV2 



1 



) 




V ( 



The consequence of this theorem is that now we can replace the Lie group G by 
its maximal torus and use 13.71 recursively a la Guillemin and Kalkman[2]. 

3.4 Concluding Remarks 

The techniques used here apply also for Quaternionic Kahler manifolds. Theorem 
13.11 works due to the fact that, although the complex structures are only locally 
defined, the 2-form uj with values in End(TM) and the 4-form Q = uA u exist 
globally with identical relations on the moment section, fl. 

If S" C M is a 3-Sasakian hypersurface whose structure is induced by the hy- 
perKahler structure on M which posesses a trihamiltonian group action, then we 
may obtain a 3-Sasakian reduction of S. The integration formula derived here will 
be valid for the reduction of S and will prove useful in calculating intersection forms 
since it is possible to have a compatible action on a compact 3-Sasakian manifold. 
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